I point out that standard two dimensional, asymptotically free, non-linear sigma models, supplemented with terms giving a mass to the would-be Goldstone bosons, share many properties with four dimensional supersymmetric gauge theories, and are tractable even in the non-supersymmetric cases. The space of mass parameters gets quantum corrections analogous to what was found on the moduli space of the supersymmetric gauge theories. I focus on a simple purely bosonic example exhibiting many interesting phenomena: massless solitons and bound states, Argyres-Douglas-like CFTs and duality in the infrared, and rearrangement of the spectrum of stable states from weak to strong coupling. At the singularities on the space of parameters, the model can be described by a continuous theory of randomly branched polymers, which is defined beyond perturbation theory by taking an appropriate double scaling limit.
a. Introduction and overview of the results In recent years, notable successes have been achieved in understanding strongly coupled quantum field theories and string theories in various space-time dimensions, by combining old heuristic ideas with the power of supersymmetry. Perhaps most striking amongst these are the results on four dimensional, asymptotically free, gauge theories. In [1] , Seiberg and Witten, and Seiberg, were able to compute the exact quantum corrections to the moduli space of vacua of various N = 1 and N = 2 gauge theories, using a subtle generalization of Montonen-Olive electric/magnetic duality [2] valid at low energy. In [3] a concrete proposal was made, in some particular supersymmetric examples, for the long-suspected string description of gauge theories [4] , particularly when the number of colors is large.
The purpose of this letter is to discuss a simple non-supersymmetric, asymptotically free, to the would-be Goldstone bosons. Quantum mechanically, when m is much larger that the dynamically generated "hadronic" mass scale Λ, the theory is weakly coupled and much of the physics can be read off from the lagrangian. On the contrary, when m ∼ Λ, strong quantum corrections are expected. When m = 0 we recover the standard O(N) non-linear sigma model, which has a mass gap and a spectrum made of a single particle in the vector representation of O(N) [5] .
The space of parameters M in the model studied in this paper is the exact physical analogue of the moduli spaces of supersymmetric gauge theories in four dimensions. Our model actually belongs to a large class of theories where one can change the low energy coupling by varying parameters (Higgs expectation values in four dimensional gauge theories, or general mass terms for the would-be Goldstone bosons in two dimensional non-linear sigma models). Calculating the quantum corrections to M amounts to studying the transition from weak to strong coupling, to which is often associated an interesting physics.
In our case, the quantum space of parameters M q can be worked out by using various techniques, including a large N approximation. Another aspect of the model is that its 1/N expansion can be interpreted as a sum over topologies for randomly branched polymers. In particular, for some values of the parameters, the model has an O(N − 1) symmetry and can be viewed as a (N − 1)-vector model with an infinite number of interactions (bonds involving an arbitrary number of molecules in the branched polymers). One can approach the critical surface H q by taking a suitable double scaling limit, which on the one hand gives a description of the model in terms of extended objects (the polymers), and on the other hand defines non-perturbatively a continuous theory of polymers in a fully consistent context. In particular, the model overcomes notorious difficulties with double scaling limits in two dimensions [7] .
b. The model and its semi-classical properties We will work with a space-time of euclidean signature and write the lagrangian of the model as
α is a Lagrange multiplier implementing the constraint that the target space is a sphere of
Without the mass term V m , the theory is made UV finite by simple multiplicative renormalizations of the fields and coupling [8] . In the leading 1/N approximation, only the coupling constant renormalization is needed, and we will take the renormalized fields φ i = φ i,0 , and coupling constant g such that
where Λ 0 is the UV cut-off, µ is a sliding scale, and Λ is the dynamically generated mass scale of the theory. A mass term V m is characterized by the canonical dimension of the mass parameters and the way they transform under O(N). For example, a magnetic field has canonical dimension 2 and transforms in the vector representation. Once these data are fixed, the explicit form of V m is deduced from renormalization theory. In our model, the mass parameters will be taken to have canonical dimension 2 and to transform as a symmetric traceless rank two tensor h ij (they are like a tensor magnetic field). In general, h ij is multiplicatively renormalized; no renormalization is actually needed in the leading 1/N expansion. By diagonalizing h ij we can write
The trace part of h ij would correspond to a constant term in the lagrangian, and can thus be taken to be non zero without affecting the physics. We will use the N − 1 independent dimensionless physical parameters v i = (h N − h i )/Λ 2 and M will be the v-space. Using the permutation symmetry amongst the h i s, we will restrict ourselves to the region M 
c. The large N approximation A useful technique to study our model is to use a large N approximation (for a recent review, see [9] ), where N is sent to infinity while the scale Λ is held fixed [4] . The large N expansion is nothing but a standard loop expansion for a non-local effective action S eff obtained by integrating exactly a large number of elementary fields φ i from (1). For our purposes, it will be useful to keep explicitly the order parameter
in the action. The effective action for large N is then i=1 v i = 1. Near this hyperboloid, the 1/N expansion has IR divergencies and is no longer reliable. These divergencies are due to the fact that we are near a critical point below the critical dimension. To describe the physics near the critical surface, we must go beyond the 1/N approximation and sum the most relevant (i.e. the most IR divergent) contributions. This also automatically resolves the difficulties associated with massless propagators in two dimensions. One can show that the low energy effective lagrangian on the critical surface is, in the large N limit,
where the interaction, which is proportional to 1/N, must be treated exactly, since the IR divergencies compensate for the 1/N factors. We thus obtain the Landau-Ginzburg de- where it is easy to see that the classical and quantum hypersurfaces of singularities coincide.
When one of the vs is zero, say v 1 = 0, and all the other vs are large, the low energy theory is an O(2) sigma model of small effective coupling g eff . Both classically and quantum mechanically, this is a massless theory, and thus H cl = H q = {v 1 = 0} in this region.
However, the physics are not the same: the classical theory of a free massless boson is replaced in the quantum case by the non-trivial CFT of a boson compactified on a circle of radius R with R 2 = 4π/g 2 eff = ln(
decrease, while we stay on the hyperplane v 1 = 0, the low energy theory will tend to become an O(p + 2) non linear sigma model and thus develop a mass gap. In the large N limit, it can be shown that this transition takes place on a surface h q,1 whose equation is N −1 i=2 v i = 1, v 1 = 0, and that the low energy theory on h q,1 is an O(2) symmetric Ashkin-Teller model with Landau-Ginzburg potential
This model is indeed equivalent to a compactified boson for the particular radius R = R KT = 2 √ 2, and the transition through h q,1 is reminiscent of a Kosterlitz-Thouless phase transition. It is possible to find a simple equation for H q valid for all values of the v i s, positive or negative, in the large N limit:
A local analysis shows that
where r is the largest real root of the polynomial e. The double scaling limits On the critical surface H q , the sum of Feynman diagrams of a given topology (i.e. contributing at a fixed order in 1/N) diverges. It is then natural to ask whether it is possible to approach H q and take the limit N → ∞ in a correlated way in order to obtain a finite answer taking into account diagrams of all topologies. This is the idea of the double scaling limit [10] , and for vector models the result can be interpreted as giving the partition function of a continuous theory of randomly branched polymers [11] .
Let us consider for example the case of the O(N −1) symmetric theory
Near the critical point v = 1, the effective theory is just given by (6) with the relevant
The idea is then to eliminate the explicit N dependence in the interaction term by using a rescaled space-time variable y = x/ √ N,
A consistent double scaling limit can be defined to be N → ∞, v → 1, with N(v − 1) − 3 ln N kept fixed. The logarithmic correction to the naive scaling comes from the fact that the large N limit is also a large UV cutoff limit in the y variable, and (9) needs to be renormalized, which is done by a simple normal ordering. A similar non-trivial double scaling limit can be defined near the Ashkin-Teller point. For example, for N → ∞, v 1 → 0, Note that our theory in these limits is free of the inconsistencies found in the standard vector models in a similar context [7] .
f. Other models It is possible to study other mass terms or/and other target spaces along the lines of the present work. It could also be interesting to perform lattice calculations for this class of models. For example, a mass term m ij = m ji of canonical dimension one allows to obtain higher critical points. The quantum space of parameters of a CP N model with mass terms, which has instantons, a θ angle, and exhibit confinement at strong coupling, is also likely to display a rich structure. Finally, it is natural to consider supersymmetric versions of our models. It turns out that a massive version of the supersymmetric CP N model shows quantitative similarities with N = 2 super Yang-Mills [12] . A discussion of these models along with details on the present work will be published elsewhere.
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